INDUCTIVE LIMIT ALGEBRAS FROM PERIODIC 
WEIGHTED SHIFTS ON FOCK SPACE 
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Abstract. Non-commutative multivariable versions of weighted 
shift operators arise naturally as 'weighted' left creation operators 
acting on the Fock space Hilbert space. We identify a natural 
notion of periodicity for these A^-tuples, and then find a family 
of inductive limit algebras determined by the periodic weighted 
shifts which can be regarded as non-commutative multivariable 
generalizations of the Bunce-Deddens C*-algebras. We establish 
this by proving that the C*-algebras generated by shifts of a given 
period are isomorphic to full matrix algebras over Cuntz-Toeplitz 
algebras. This leads to an isomorphism theorem which parallels 
the Bunce-Deddens and UHF classification scheme. 
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The primary goal of this paper is to initiate the study of non- 
commutative multivariable weighted shifts. Almost three decades ago, 
Bunce and Deddens [2, 3J introduced a family of inductive limit C*- 
algebras generated by periodic unilateral weighted shift operators. On 
the other hand, we now know that non-commutative multivariable ver- 
sions of unilateral shifts arise in theoretical physics and free probability 
theory as the so-called left creation operators acting on the full Fock 
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space Hilbert space. There is now an extensive body of research for 
these operators and the algebras they generate (see [H |H1 110|, I21L 
HH[24J for example). 

In this paper, we introduce a family of C*-algebras which can be re- 
garded as non-commutative multivariable generalizations of the Bunce- 
Deddens algebras. In accomplishing this, based on the creation oper- 
ators, we introduce the concept of a non-commutative multivariable 
weighted shift and discover a satisfying notion of periodicity based on 
the structure of Fock space. We characterize these algebras in terms 
of inductive limits of full matrix algebras over the Cuntz-Toeplitz and 
Cuntz algebras. This leads to a classification theorem which paral- 
lels the classification of UHF algebras by Glimm [16J, and the Bunce- 
Deddens algebras classification [2, 3J, by supernatural numbers. 

In the opening section we recall the formulation of Fock space and 
the creation operators. We also quickly review the basics of the Cuntz 
and Cuntz-Toeplitz algebras. In the second section we introduce non- 
commutative weighted shifts and investigate their basic structure. The 
third section describes a pictorial method for thinking of these shifts, 
by using the Fock space 'tree' structure. This leads to a natural notion 
of periodicity, and then we define the C*-algebras we study in the rest 
of the paper. The final two sections consist of an in-depth analysis 
of these algebras. Most importantly, we prove they are isomorphic to 
inductive limits of full matrix algebras of distinguished sizes over Cuntz 
and Cuntz-Toeplitz algebras. Using this characterization we establish 
a classification theorem based on i^-theory for the Cuntz algebras. 

1. Introduction 

We begin by recalling the formulation of the full Fock space Hilbert 
space and its associated creation operators. For iV > 2, let F^ be the 
unital free semigroup on N non-commuting letters {1,2,..., N}. We 
denote the unit in F^ by e. One way to realize iV-variable Fock space 
is as TCn = ^ 2 (F^-). From this point of view, the vectors : w G 
F^} form an ortho normal basis for Ti^ which can be thought of as a 
generalized Fourier basis. The left creation operators (also known as 
the Cuntz-Toeplitz isometries we will see below) L = (L 1; . . . , L^) are 
defined on H.^ by their actions on basis vectors, 

Lii w = £,i W , for 1 < i < N and w G F^. 

The Li are isometries with pairwise orthogonal ranges for which the 
sum of the range projections satisfies £)i=i LiL* — I — P e , where P e = 
£ e £* is the rank one projection onto the span of the vacuum vector £ e . 
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We will discuss a helpful pictorial method for thinking of the actions 
of these operators in Section 3. 

Most importantly for our purposes, this iV-tuple forms the non- 
commutative multivariable version of a unilateral shift. This claim is 
well supported by a number of facts. For instance, the unilateral shift 
is obtained for N = 1, and otherwise each of the Li is unitarily equiv- 
alent to a shift of infinite multiplicity. Further, the study of the L, in 
operator theory and operator algebras was at least partly initiated by 
the dilation theorem of Frazho [15j, Bunce [4| and Popescu |22j, which 
provided the non-commutative multivariable version of Sz.-Nagy's clas- 
sical minimal isometric dilation of a contraction [14j. Namely, every 
row contraction of operators on Hilbert space has a minimal joint di- 
lation to isometries, acting on a larger space, with pairwise orthogonal 
ranges. The classical Wold decomposition shows that every isometry 
breaks up into an orthogonal direct sum of a unitary together with 
copies of the shift. Analogously, Popescu's version [22J shows that ev- 
ery iV-tuple of isometries with pairwise orthogonal ranges decomposes 
into an orthogonal direct sum of isometries which form a representa- 
tion of the Cuntz C*-algebra (see below), together with copies of 
L = (Li, . . . , L N ). 

In addition, the woT-closed non-self adjoint algebras generated by 
the Li have been shown by Davidson, Pitts, Arias, Popescu and others 
to be the appropriate non- commutative analytic Toeplitz algebras (see 
HI US HD HH HI])- We also mention that the woT-closed non- 
selfadjoint algebras generated by the weighted shifts discussed here 
have been investigated in [19j, where a number of results from the 
single variable setting have been generalized, at the same time exposing 
new non-commutative phenomena. Finally, we note that compressing 
the creation operators to symmetric Fock space yields the commutative 
multivariable shift. The C*-algebras generated by weighted versions of 
which were studied in [B] for instance. 

The C*-algebras determined by the isometries L = (L±, . . . , Ljv) have 
also been studied extensively. The C*-algebra generated by L\, . . . , Ljy 
is called the Cuntz- Toeplitz algebra and is denoted En- The ideal gen- 
erated by the rank one projection / — J2iLi LiL* in En yields a copy of 
the compact operators. When this ideal is factored out, the C*-algebra 
obtained is the Cuntz algebra On- It is the universal C*-algebra gen- 
erated by the relations 

N 

s*Sj = Sijl for 1 < i, j < N and SjS* = 1. 
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Up to isomorphism, On is the C*-algebra generated by any N isome- 
tries S = (Si, . . . , SV) which satisfy these relations, since it is simple. 

The i-T-theory for a C*-algebra consists of a series of invariants which 
hold information on equivalence classes of projections in the matrix al- 
gebras over the algebra. The .fT-theory for On was worked out by 
Cuntz In particular, its K group is the finite abelian group 

Kq(On) = Z/(iV — 1)Z. In connection with classification results for 
inductive limits of Cuntz algebras we mention work of Rordam [25j . 
We also note that our isomorphism theorem has overlap with work of 
Evans |T5] . 

2. Non-commutative Weighted Shifts 

From the discussion in the previous section, we are led to the follow- 
ing definition for non-commutative multivariable weighted shifts. We 
shall drop the multivariable reference for succinctness. We mention 
that the idea for considering these weighted shifts came during the au- 
thor's preparation of [20], where a related class of iV-tuples was used 
in the analysis there. 

Definition 2.1. We say that an iV-tuple of operators S = (S±, . . . , Sn) 
acting on a Hilbert space Ti forms a non- commutative weighted shift if 
there is a unitary U : Hn — > TC, operators T = (Ti, . . . ,T N ) on Hn, 
and scalars {\i, w : 1 < i < N and w £ F^-} such that Si = UTiU* 
for 1 < % < N and 

Ti£ w = \i )W £i W for 1 < i < N and w e¥ N . 

Note 2.2. For the sake of brevity, we assume that the weighted shifts 
T = (Ti, . . . , T/v) we consider actually act on Fock space TLn = ^ 2 (J^n)- 
Further, the proposition below will allow us to make the following sim- 
plifying assumption on weights throughout the paper: 

Assumption: Xi jW > for 1 < % < N and w £ F^. 

Indeed, every shift is jointly unitarily equivalent to a shift with non- 
negative weights. 

Proposition 2.3. Suppose T = (Ti, . . . , Tjy) is a weighted shift with 
weights {A^}. Then there is a unitary U £ S(7Yjv), which is diagonal 
with respect to the standard basis for T~Cn, such that the weighted shift 

(UT 1 U*,...,UT N U*) 

has weights {\\i >w \}- 
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Proof. We build the unitary by inductively choosing scalars /j, w and 
defining U£ w — /J> w ^ w - Put /i e — 1. Let k > 1 and assume the scalars 
{ji w : \w\ — k — 1} corresponding to words of length k — 1 in (as the 
empty word, the unit e is taken to have length zero) have been chosen. 
The scalars {/j, w : \w\ = k} are obtained in the following manner. For 
iw G F^r with \w\ = k — 1 and 1 < i < N, choose \ii W G C of modulus 
one such that 

{ji W Aj jUI ) fii W ^ 0. 

Now if 1 < i < N and w G F^ are arbitrary, we have 

This yields the desired conclusion. ■ 

We next present a direct generalization of the factorization of weighted 
shift operators into products of the unilateral shift and diagonal weight 
operators. 

Proposition 2.4. Let T = (Ti,...,7jv) be a weighted shift. Then 
each Ti factors as Tj = LjWi, where Wi is a positive operator which is 
diagonal with respect to the standard basis for Tl N . It follows that the 
norms of the Ti and the row matrix T are given by 
(?) H^ll = sup{\ itW : w G F+} for 1 < i < N 
(ii) \\T\\ = sup^^jv ||7;|| = sup{A ijW : w and 1 < % < N}. 

Proof. For 1 < % < N, the operators Wi are given by the equation 

Since Wi > 0, we have T*% = W*L*LiWi = Wf , which is diagonal. 
Hence, W t = {T*Ti) 1 / 2 and % = L,jWi. Further, this shows that 

imi| 2 = ||7rri|| = ||Wi 2 || = sup{||Wfa: W GF+} 

= sup{A? >w : w G F+}. 

On the other hand, the entries of the N x N matrix T*T consist of 
T*Tj's down the diagonal and zero off the diagonal, since the ranges of 
the Ti are pairwise orthogonal. Hence, from the above computation 
|| T || = || T * T ||i/2 = gup || T .|| = gup {X iw:we w%}, 

l<i<N l<i<N 

which completes the proof. ■ 

We finish this section by observing that the C*-algebra generated 
by a non-commutative weighted shift, which is bounded below in an 
appropriate sense, contains the Cuntz-Toeplitz algebra. 
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Definition 2.5. Let T = (Ti, . . . , T/v) be a weighted shift. If each Wi 
is bounded away from zero, in other words if 

inf{Ai, tt : 1 < i < N and w G F+} > 0, 

we say that T is bounded below. 

Corollary 2.6. The C* -algebra C*(Ti, . . . , TV) generated by the op- 
erators {Ti, . . . , T N } from a weighted shift T = (Ti, . . . , T N ) contains 
L = (Li, . . . , L^r) w/ien T is bounded below. 

Proof. From the proof of the previous proposition, we see that Wi 
is invertible precisely when mf{X itW : w G F^} > 0. Thus, T being 
bounded below implies that each Wi is invertible. However, Wi = 
[T*Ti) 1 / 2 belongs to G*(fy, and hence to C*(T 1; . . .,T N ), thus so does 
Li = TiW- 1 for 1 < % < N. M 

Note 2.7. We mention that the C*-algebras C*(Tx, . . . , T/v) generated 
by the Tj from a single weighted shift T = (T 1; . . . , T N ) are the focus 
of analysis in [7]. 

3. Fock Space Trees And Periodicity 

In this section we aim to convey to the reader a helpful pictorial 
method for thinking of non- commutative weighted shifts. In doing so, 
we introduce what seems to be a natural notion of periodicity for these 
operators. We also define the operator algebras which will be studied 
in the rest of the paper. 

Recall that N- variable Fock space TCn = £ 2 (¥^) has the orthonormal 
basis {£ w : w G F^}. This basis yields a natural tree structure for Fock 
space which is traced out by the creation operators, and more generally 
by weighted shifts. 

Definition 3.1. Let T = (Ti, . . . , T/v) be a weighted shift. Let Tt be 
the set of vertices {w : w G F^-}, together with the 'weighted' directed 
edges which correspond to the directions 

{K,w '■= w ^ iw | for 1 < i < N and w G F^-}. 

We regard an edge Xi )W as lying to the left of another edge Xj )W precisely 
when % < j. We call Tt the weighted Fock space tree generated by T. 

Pictorially, with iV = 2 as an example, a typical weighted Fock space 
tree is given by the following diagram: 
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Notice that this structure is really determined by the operators T = 
(Ti, . . . , T N ). Indeed, given a basis vector £ w , the directed edge \ ijW 
corresponds to the action of on £ w , namely mapping it to \i jW £i W . 
Thus, more generally, we have the following picture for weighted edges 
leaving a typical vertex in the tree: 




There are a number of conceptual benefits obtained by identifying 
these trees with weighted shifts. For instance, this point of view leads 
to the following notion of periodicity. 

Definition 3.2. Let k > 1 be a positive integer. We say that a 
weighted shift T = (T 1? . . . , T N ) is of period k if 

TiZ w = \i, u £iw for w E ¥%, 

where w — uv is the unique decomposition of w with < \u\ < k and 
\v\ = 0(mod k). 

Note 3.3. Observe that this says the scalars {\ tU : < |u| < k} 
completely determine the shift. They can be thought of as a 'remainder 
tree top'. For N — 1 the standard notion of periodicity is recovered, 
since the tree collapses to a single infinite stalk. For iV > 2 It is most 
satisfying to think of this notion of periodicity in terms of the tree 
structure: If T = (Ti, . . . , T/v) is period k, then the remainder tree top, 
that is the finite top of the tree determined by vertices {w : \w\ < k} 
and edges {A« iW : \w\ < k}, is 'repeated' throughout the entire weighted 
tree. 
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In fact, this finite tree top is repeated with a certain exponential 
growth. For instance, at the level of the tree corresponding to words 
w G F^ of length nk for some positive integer n > 1, the top of this 
finite tree is repeated N nk times, once for every word of length nk. 

We mention that related tree top constructions play a key role in the 
paper [18J. 

Finally, we introduce the operator algebras which we are interested 
in studying. 

Definition 3.4. For positive integers N >2 and k > 1, let C^(per k) 
be the C*-algebra (contained in B(H,n)) generated by the T, from all 
weighted shifts T = (Ti, . . . , T/v) of period k. 

It is clear from the picture given by the Fock space trees that if n\ \ri2, 
then C^(per rii) is contained in C*y(per n 2 ). (We prove this at the end 
of this section.) Thus, given an increasing sequence of positive integers 
{^fc}fc>i with rifcl^fc+i for k > 1, we may consider the inductive limit 
algebra 



%( n k) = [J C^(per n k ) 

k>l 

determined by this sequence. Let q be the quotient map of B(Hn) onto 
the Calkin algebra. We are also interested in describing the inductive 
limit algebras g(2l(nfc)). 

Note 3.5. The reader may find it helpful to know that C^(per k) is 
generated by the T from a single weighted shift. This is proved in the 
next section, using the matrix decompositions obtained there. 

Proposition 3.6. Let ni,ri2 be positive integers with ni\n 2 . Then 
C^(per ni) is contained in C^(per n 2 ). 

Proof. Let T = (Ti, . . . , T/v) be a period n\ weighted shift. Let w e 
and write w = u 2 v 2 with < \u 2 \ < n 2 and |-y 2 1 = 0(mod n 2 ). We must 
show that X i)W = X itU2 for 1 < i < N. In other words, T^ w = Aj iM2 ^ w 
for each i. To see this, write u 2 = UiVi where < \ui\ < ni and 
\vi\ = 0(mod ni). Since T is of period n\ we have 

so that A, jtJ2 = Aj )Ul . 

On the other hand, since n\\n 2 we have \v 2 \ = 0(mod n{). This tells 
us that w = ui(viv 2 ) with < |wi| < n\ and \v\v 2 \ = 0(mod n\). Thus, 
rii-periodicity once again gives us 

Hence A i)U) = A iiUl = A iiU2 , as required. ■ 
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4. Main Theorem 

The C*-algebra C^r(per k) generated by the fc-periodic weighted shifts 
can be described in terms of a full matrix algebra with entries in a 
Cuntz-Toeplitz algebra. From the discussion in Section 1, recall the 
Cuntz-Toeplitz algebra £ N k is the C*-algebra generated by the cre- 
ation operators L = . . . ,L N k) acting on N k - variable Fock space 

Theorem 4.1. For positive integers N > 2 and k > 1, let d,N,k be the 
total number of words in of length strictly less than k; that is, d^^ — 
1 + N + . . . + A^ fc_1 . Then the algebra C^(per k) of k -periodic weighted 
shifts is unitarily equivalent to the algebra A4d N k (^N k ) of dN,k x ^tv./c 
matrices with entries in Sj^k . Further, this algebra is generated by the 
Ti from a single shift T = (T 1; . . . , T N ) . 

Remark 4.2. At first glance the N k appearing in the theorem may 
seem somewhat peculiar to the reader. We shall see that it arises from 
the exponential nature of periodicity here. We mention that the special 
case N = 2 and k = 2 of the theorem is expanded on in Example 14.71 

We shall prove the theorem in several stages. Throughout, N > 2 
and k > 1 will be fixed positive integers. The first step is to decompose 
Fock space in a manner which will lead to simple matrix representations 
of the periodic weighted shifts. 

Lemma 4.3. Form G with \w\ < k, the subspaces K w of N -variable 
Fock space Hn given by 

JC W = span{^ w „ : \v\ — km, m > 0}, 

are pairwise orthogonal and 

\w\<k 

Further, for \w\ < k, the operators U w : JC e — > JC W defined by U w £ v = 
£wv, for \v I = km with m > 0, are unitary. Hence 

\w\<k 

is a unitary operator. 

Proof. The subspaces K w for \w\ < k clearly span Ti N = ^ 2 (F^) since 
any word u G F^ can be written, in fact uniquely, as u = U1U2, where 
I Hi I < k and k divides |w 2 |. To see orthogonality, let wi, W2 be words 
with \wi\ < k, and consider typical basis vectors £ WiVi for JC Wi , where 
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\vi\ = krrii and mi > 0. The only way the inner product (£ WlVl , Cw 2 v 2 ) 
can be non-zero, is if u>ii>i = w 2 v 2 . But then we would have 

|u>i| + krrii = \wi\ + \vi\ = \w 2 \ + \v 2 \ = \w 2 \ + km 2 , 

so that |iui| = |u> 2 | < k and m 1 = m 2 . This would imply that W\ = w 2 
and v\ — v 2 . It follows from this calculation that the subspaces {JC W : 
\w\ < k} are pairwise orthogonal. 

The operators U w as defined are unitary since they send one or- 
thonormal basis to another. Spatially, these unitaries can be thought 
of as the restrictions of the isometries L w , where L w :— L ix • • ■ L ig when 
w is the word w — i\ • ■ • i s , to a distinguished subspace /C e of Fock 
space. Alternatively, the action of the adjoint on K, w is described 
by restricting L* w to K, w . The last statement of the lemma is immediate 
from the spatial decomposition of 7i N . ■ 

We will distinguish between coordinate spaces of K, [ e Ntk) in the fol- 
lowing manner: For w G with \w\ < k, let 

{£™ : iiGFj with \u\ = km for m > 0} 

be the standard basis for the wth coordinate space of K!e N ' k \ which IS 
given by U*IC W = U^)C W . Notice that for \v\, \w\ < k and \u\ = km, 
the vectors £™ and ^ really correspond to the same vector £ u in /C e . 
Further, the action of U is described by 

(i) ua = u, 

for w,u G with < k and \u\ = km. 

The next step is to point out a relationship between particular Fock 
space trees. 

Definition 4.4. We define a natural bijective correspondence between; 
the N k words of length k in F^ on the one hand, and the N k letters 
which generate F+ fc on the other, through the function 

V? : {w G F+ : \w\ = k} ► {w G ¥+ k : \w\ = 1} 

given by 

<p(iii2 ■■■ik) = (ii - l)AT fc_1 + . . . + (ifc-i - 1)N + i k , 

for 1 < ij < N and 1 < j < k. This correspondence is also charac- 
terized by associating the words {iw G F^ : = k — 1} with the 
Hth block' of A rfe_1 letters in the listing {1, 2, . . . , N k }. Notice with 
this ordering that the operators {L^ w ) : w G F^, |ty| = k} are the N k 
creation operators associated with N k - variable Fock space H N k. 
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The map ip extends in a natural way to a bijective identification ip m 
of the set {w G F^ : \w\ = km} with {w G F^. fc : \w\ = m} for m > 0. 
Given wi, . . . , w m G F^ with \wi\ = k, the extensions are given by 

<Pm{Wl ■ ■ ■ W m ) = ■ ■ ■ <f(w m ), 

The units in F^ and F+ fc are identified with each other. We will use 
the notation (p for the extended map as well. This ordering leads to 
the following spatial equivalence. 

Lemma 4.5. The map from K, e = span{£„, : w G F^, \w\ = km,m > 
0} to N k -variable Fock space TC^k — £ 2 (¥^ k ) which sends a basis vector 
Cwi-«;m e ^e, where each \wi\ = k, to the basis vector ( v (wi)-<p(w m ) e 
H N k, is unitary. 

Proof. This follows directly from the definitions of the space /C e and 
the map (p. ■ 

This lemma gives us a tight spatial equivalence between the orthog- 
onal direct sums K? N > k) and H [ * N k k) , which carries through for the 
weighted shifts. We wish to preserve the correspondence discussed af- 
ter Lemma f4. 31 In particular, for w G F^ with \w\ < k, we let 

{ £yj(u) : u e w ith \u\ = km for m > 0} 

be the standard basis for the wth coordinate space ofH { ^ k) . Once 
again, with this identification, for \v\, |w| < k and \u\ = km, the vectors 
% and ^,(u) correspond to the same vector ^(u) i n 7~(-N k - Finally, we 

let V : Tit^ ld dN ' k ^ be the unitary operator which encodes this 

correspondence and the action of the map from the previous lemma. 
For w,u G F^r with \w\ < k and \u\ = km, the action of V is given by 

(2) VQ U) = C- 

With these Fock space decompositions in hand, we are now ready to 
focus on the particular actions of weighted shifts. 

Lemma 4.6. For w G F^ with \w\ < k, let P w be the orthogonal 
projection of Ti^' k onto the wth coordinate space of so that 

I = J2\ w \<k ® Pw Let T = (Ti, . . . , T/v) be a k -periodic weighted shift 
acting on TCn- Then the operators Aduv{Ti) = V*U*TiUV act on 
%tk and have the following block matrix decompositions: 
(i) For |w| < k — 1 and \v\ < k, 

p v (Ad uv m)) Pw = \y^ % v =; w 

y ' [0 ifv^iw 
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(ii) For \w\ = k — 1 and \v\ < k, 

P v (Ad uv (T i ))P u = { 

Proof. We first prove case (i). From the preceding discussion, the 
vectors where u G F^- with \u\ = km, form an orthonormal basis 

for the range of P w . Further, from equations (0) and (J2J) we have 

uvq u) = uc = u- 

Lastly, as T = (Ti,...,T N ) is fc-periodic, we have T£ wu = \ w £,i WU - 
Since \w\ < k — 1, these facts lead us to the following computation: 

P^AduviTi))^ = P V V*U*T£ WU 

Xi^yjPyV U £,(iw)u 

\ p Hw \ e riw 

where 5 V ^ W is equal to 1 if v — iw, and is otherwise. But recall that 
the vectors £,™r u ) an d C™( u ) both correspond to the same vector £ v ( u ) i n 
H N k. Thus, case (i) is established. 

Now suppose that \w\ = k — 1. Again, fc-periodicity gives us T^ wu = 
\,w£,iwu- In this case \iw\ = k, hence the definition of U and V from 
(0) and yields: 

P v (Aduv(Td)$ {u) = P v V*U*TiU 

Xi^PyV U ^(iw)u 

= \,wPvV £,i wu 

However, from the definition of if, we have if(iwu) = <p(iw)<p(u), since 
\iw\ = k. Therefore, 

P 1 ,(Ad C7 y(T i ))Q u) = Xi^Sv^L^iw^fv)- 

Once again, the vectors £^ and both correspond to in T~Cj\fk . 
This establishes case (ii), and completes the proof. ■ 

Proof of Theorem 14. II We define an injective homomorphism of C*- 
algebras 7r : C^(per k) -> M dNik {S N k) by 7r(T*) = Ad[/y(Tj), for every 
/c-periodic weighted shift T = (T 1; . . . ,T N ). The map tt is clearly an 
injective homomorphism since it is a unitary equivalence. Further, 
it follows from case (i) in Lemma 14.61 that all the matrix units in 
A4d N k {^N k ) can De obtained in the image of tt, by judicious choice of 
scalars A^'s and appropriate matrix multiplication. From case (ii) in 
that lemma, we see that the N h creation operators which generate S^k 
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can be obtained in certain matrix entries. Since all the matrix units are 
present in the image, these creation operators can be moved around to 
every entry. Therefore, it follows that tt is also surjective, and hence 
defines a *-isomorphism. 

Lastly, it is not hard to see from the matrix decompositions of 
Lemma 4.6 that the algebra C^(per k) is generated by the Tj from a 
single shift T = . . . , T/v). For instance, from work in [7J it follows 
that any shift will do for which the N k numeric fc-tuples correspond- 
ing to the weights on each path of length k in the associated tree are 
different. ■ 

Before continuing, we discuss a special case of the theorem which 
may help to clarify some of the technical issues. 

Example 4.7. Consider the case when N = 2 and k = 2. Then 
C 2 (per2) is the C*-algebra generated by the Tj from all 2-periodic 
shifts T = (Ti,T2). The theorem shows that this algebra is unitarily 
equivalent to the matrix algebra M.^{£i). Let us expand on this point. 

Such 2-tuples act on the Fock space 7i 2 , which has orthonormal 
basis : w 6 F 2 + }. As in the previous section, the remainder tree top 
which determines the weighted Fock space tree for a given 2-periodic 
shift T = (Ti, T 2 ) is generated by six scalars {a, b, c, d, e, /} as follows: 

and 

T 2 £ e = 6£ 2 , T 2 £i = d£ 2 i, T 2 & = f&- 
Thus, for example, the action of T\ on basis vectors is given by 

{a £i w if \w\ is even 
c£i w if w — lv and \v\ is even 
e^i w if w = 2v and \v\ is even. 

In the proof of the theorem for this case, 2-variable Fock space 7i 2 = 
i' 2 (F 2 f ) decomposes into a direct sum 7i 2 = /C e © K\ © /C 2 of d 2)2 = 
1 + 2 = 3 subspaces, each of which may be naturally identified with 
(2 2 =)4- variable Fock space = l 2 (¥l± ). Take /C e for example. It is 
given by 

/C e = span |^ e , {^2, £ 12 ,&i,&}, {£ w :w<E ¥ 2 , \w\ = 4}, . . . j. 

The unitary equivalence produced by this spatial identification yields 
the following block matrix form for our given 2-periodic shift T = 
(Ti,T 2 ), with respect to the decomposition 7i 2 = JC e © /Ci © /C 2 ~ 



14 



D.W.KRIBS 



Hi® H 4 @ H 



4, 





al 




cLi 





eL 3 





and To 



dL 2 /L 4 

6/0 



where {L±, L 2 , L 3 , L 4 } are the standard creation operators on TC4. 

Since we have complete freedom in C^per 2) on the choices of scalars 
{a, b, c, d, e, f}, it is now easy to see why it is unitarily equivalent to 
the matrix algebra M. 3 {£^. Further, it follows from these matrix de- 
compositions that C2(per2) is generated, for instance, by {7i,T 2 } with 
a = b = 1, c = 1/2, d = 1/4, e = 1/8, / = 1/16. 

From Theorem 4.1 it follows that when we factor out the ideal of 
compact operators from C^y(per k), simple C*-algebras are obtained. 
The key point being that the Cuntz-Toeplitz algebra is the extension 
of the compacts by the Cuntz algebra. 

Corollary 4.8. Let q be the quotient map of B{Hn) onto the Calkin 
algebra. Then for N > 2 and k > 1, the algebra g(C^jy(per k)) is *- 
isomorphic to the matrix algebra M.d N k {^N k )- ^ n particular, it is a 
simple C* -algebra. 

It follows that the inductive limit algebras g(2l(rifc)) defined in the 
previous section are simple and have real rank zero. 

Corollary 4.9. Let N > 2 and let {nk}k>i be an increasing sequence 
of positive integers such that divides rifc +1 for k > 1. Then the 
inductive limit algebra q{^i{rik)) is simple and has real rank zero. 

Proof. Every ideal in g(2l(nfc)) is the closed union of ideals of the 
subalgebras g(C^(per n^)). Thus, simplicity follows immediately from 
the previous corollary. These algebras have real rank zero because, as 
observed in [25j, the class of C*-algebras of real rank zero is closed un- 
der tensoring with finite dimensional C*-algebras, forming direct sums, 
and forming inductive limits. The Cuntz algebras ON n k have real rank 
zero since they are purely infinite. ■ 

We finish this section by pointing out the connection between our 
results and the single variable setting results of Bunce-Deddens. 

Remark 4.10. The focus of this paper is on the non-commutative mul- 
tivariable setting; however, we remark that the proof of Theorem 14.11 
goes through as presented for N — 1. Namely, the C*-algebra gener- 
ated by all unilateral weighted shift operators of period k is isomor- 
phic to .Mfc(£i), where Si is the C*-algebra generated by the unilateral 
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shift, also realized as the algebra of Toeplitz operators with continu- 
ous symbol [2J ISj • The proof presented here recaptures this result for 
N = 1, although from a different perspective. In particular, the Bunce- 
Deddens proof heavily relies on the associated function theory which 
is omnipresent in the single variable case. Conceptually speaking the 
proof here is more spatially oriented. 

While more effort is required to prove Theorem 14.11 for N > 2, the 
simplicity in Corollary 4.6 is more easily obtained as compared to the 
single variable case. The basic point is that is simple for N > 2, 
while for N = 1 it is the C*-algebra generated by the bilateral shift 
operator, the algebra of continuous functions on the unit circle, which is 
not simple. Nonetheless, the inductive limit algebras <z(2l(rifc)) turn out 
to be simple for N — 1, and thus our results on these algebras for N > 2 
can be regarded as a non-commutative multivariable generalization of 
their result. 

5. Classification 

In this section, we establish an isomorphism theorem for the limit 
algebras discussed in the previous two sections. Let {n k } k >i be an 
increasing sequence of positive integers with n k dividing n^+i for k > 1. 
Then for each prime p, there is a unique a p in N U {oo} which is the 
supremum of the exponents of p which divide n k as k — > oo. The 
supernatural number determined by the sequence {nk}k>i is the formal 
product 5(rik) = Yl PP nmeP ap ■ Given two such sequences {nk}k>i and 
{mj}j>i, it follows that 8(71^) = 5(m>j) precisely when: for all k > 1, 
there is a j > 1 with n k \mf and for all j > 1, there is a k > 1 with 
rrij I rife. 

Supernatural numbers have been used to classify UHF algebras [16j, 
and Bunce-Deddens algebras [2, 3J . They also distinguish between the 
inductive limit algebras of the current paper, as do the associated K 
groups. 

Theorem 5.1. Let N > 2 be a positive integer. Let {rik}k>i and 
{ m j}j>i ^ e increasing sequences of positive integers for which nk\rik+i 
and irij\mj + i for j, k > 1. Then the following are equivalent: 
(i) The supernatural numbers 8{rik) and 5(m>j) are the same, 
(ii) The algebras 2l(nfc) and Ql(nij) are equal. 
(Hi) The algebras and q(Ql(mj)) are equal, 

(iv) If 53 (rife) is an inductive limit of Cuntz algebras determined by 
a sequence B ni — > B n . 2 —>•... such that B nk = A4d N n (Oato) , 
and %$(mj) is similarly defined, then ^B(rifc) and 05 (m^) are *- 
isomorphic. 
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(v) The groups Ko(y$(rik)) an d Ko{ < B{ m j)) are isomorphic. 

Proof. To see (i) =>- (ii), observe the division property associated with 
(i) shows that each rik divides some rrij. Hence by Proposition IH.fil 

C^r(per n k ) C C^(per rrij) C 

for k > 1. Whence, 2l(nfc) C 2l(mj). The converse inclusion follows by 
symmetry. The implications (ii) =^ (m) and (iv) =^> (t>) are obvious. 
Since *B{n k ) = g(2l(n fe )) and QS(m 3 ) = g(2l(m 3 )) by Corollary Ol we 
have (Hi) =>- (iv). 

It remains to establish the implication (v) =^> (i). Recall the K Q 
group of On is the finite abelian group K (O^) = Z/(N — 1)Z of order 
N — 1. Hence, 

K (M dNink (O N n k )) = K (O N ^ k ) = Z/(N n * - 1)Z. 

Since ^B(rifc) is the inductive limit of the algebras B nk , we have 

K (<B(n k )) = lim K (B nk ). 

There are similar facts for i^ (^( m j)) — hm >K (B mj ). 

For k > 1, let G -K"o(53(^fc)) be an element of order A^" fe — 1. Let 
T : _Ko(23( n /c)) — > ^o(^( m j)) be a group isomorphism. Then G 
-K"o(^S( m j))5 an d it follows that the order of T(g k ) must divide N m J — 1 
for some j > 1. (Every element of KQ(^&(rrij)) has this property.) 

However, for positive integers N >2 and k > 1, recall that 

/v fc — 1 

rfjvfc = i + iv + ... + iv fc_1 = . 

jv,fe i\r — i 

Thus we have just observed that d N)Uk divides d N ^ mr But this implies 
that n k divides rrij. Indeed, suppose dN, mj = cd^^ k for some positive 
integer c. Consider the base N nk expansion of c given by c = Cq + 
CiN nk + . . . + Ci(N nk ) 1 , where < Cj < iV"* for < i < I. By comparing 
coefficients in dx^j = cdN,n k , we get each q = 1 and rrij — 1 = 
/nfc + rife — 1. Whence, rrij = (I + l)^fc, and divides m 3 -. 

By symmetry, every rrij divides some n k . Hence by the remarks 
preceding the theorem, this shows that the supernatural numbers 5(n k ) 
and 5 (rrij) are identical. ■ 

Remark 5.2. After preparing this article, the author became aware of 
related work of Evans [13J on Cuntz-Krieger algebras. The most no- 
table overlap between our papers is that the equivalence of conditions 
(i) and (v) in the previous theorem follows from the Cuntz algebra case 
of Theorem 4.3 from |13j . We also point out that a related notion of 
periodicity is used to define certain inductive limits of Cuntz-Krieger 
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algebras in [13J. In the Cuntz algebra case, we see it is a more re- 
strictive version; requiring scalars {c^ : k > 0} such that X i>w = for 
1 < i < N and all \w\ = k. Thus the periodicity introduced here is 
new, as is our main result Theorem 4.1. 

We finish by pointing out that, not surprisingly, as for the Bunce- 
Deddens algebras, the algebras here are not almost finite dimensional. 
We need the following easy generalization of a theorem of Halmos. 

Lemma 5.3. For 1 < i < N, the operator Li is not quasitriangular. 

Proof. In j!7| . Halmos proves that the unilateral shift is not quasitri- 
angular. However, as he points out before proving this result, the proof 
really only depends on the operator of concern being an isometry, with 
adjoint having non-trivial kernel. The Lj clearly have this property 
since L* annihilates the vacuum vector. ■ 

We can follow the lines of the Bunce-Deddens proof to show these 
algebras are not AF. 

Theorem 5.4. The algebras 2l(nfc) and q(Ql(rik)) are not approximately 
finite dimensional. 

Proof. Suppose there are finite dimensional C*-algebras {23;};>i for 
which 23/ C and g(2l(nfc)) = U/>i ®J- Then given e > 0, there is 
a Bi G IJ/>i w hh \\q(Li) — Bj\\ < e. Choose A { e 2l(n fc ) such that 
q(Ai) = Bi. Then \\q(Li — < e, so there is a compact operator 
Ci with \\Li — Ai — Ci\\ < e. But Bi belongs to a finite dimensional 
C*-algebra, hence there is a non-trivial polynomial p with p(Bi) = 
p(q(Ai)) = 0. Thus Ai is polynomially compact, and as such, it is 
quasitriangular. (This was proved initially in [12J .) In particular, 
Ai + Ci is quasitriangular, so that Li belongs to the norm closure of 
the quasitriangular operators, and is itself quasitriangular |17j . This 
contradicts the previous lemma. Thus g(2l(rifc)) is not approximately 
finite dimensional. The proof that is not AF is easier. ■ 
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